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ABSTRACT 

This  paper  applies  XirkMood's  method  for  calculating  the  configura¬ 
tional  free  energy  F  of  ft  solid  aolution  to  a  solid  solution  AB^  inha¬ 
biting  a  face-centered  cubic  lattice*  In  this  method,  the  free  energy 
F  is  expressed  as  a  series  in  (kT)“^,  and  oiur  calculation  goes  as  far 
as  the  coefficient  of  (kl)“^. 

If  the  order  of  the  solid  solution  is  denoted  by  S  and  the  free 
energy  on  ne^eetlng  0(kT)“*  by  Fj^,  the  relation  between  Fn  and  S  are 
found  to  depend  on  a  in  a  narked  msnner*  m  particular,  Fj  and  hare 
Svlways  a  ialnijai(Ui&  at  Ss»0,  implying  no  st;^erlattice  may  exist*  ®se  fore¬ 
going  is  actually  nothing  but  an  indication  of  the  slow  convergt^ce  for 
the  expansion  of  F  in  (kT)”^. 

Oa.  expressing  F  as  a  series  la 

'tj  ^  (7^  +  7gp  “  ^ 

where  VaA,  Vgg  and  7^  are  iateraetion  eaergies  between  AA,  BB  and  AB 
pairs  of  arrest  neighbor!*  and  d«ioting  by  F!a  the  free  energy  on 
miiecting  we  find  that  F*2  and  F’jj  do  not  give  us  any  super- 
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lattiooy  but  F?4*  F?5  do*  Itt  faet^  from  F*4,  F'j,  wo  got  a  ouddoa 
rthftyigfl  of  S  aooa&pfinlod  by  a  latezit  heatf  juob  as  la  tho  oarlior  thoorios* 
F!4»  F’5  behave  simiiarly,  so  we  may  hope  they  approximt®  the  actwal 
free  eaefgsr* 

I.  INTRODUOTIOH 

Bie  purpose  of  this  short  article  Is  to  apply  Kirkwood  ?i^ethod 
for  calculating  the  free  energy  of  solid  solution  of  a  face-centered 
lattice  and  throu^  which  to  discuss  related  questions  of  fi^erlattice* 

There  were  ^uite  a  few  theories  of  superlattice  of  face-centered 
cubic  latUce.  m  1955»  Bragg  and  Willismi^^offered  a  primary  theoty*  . 
Sizu^o  B®th0  00  p3co posed  e  z&e'Uzod  for  diseueeliig  “tho  euperlettice  of  AB 
type  crystal^  Peiorls^'^^had  applied  this  method  to  study  qaeetions  of 
face— centered  cubic  lattice*  There  was  one  point  in  his  result  thatr. 
disagreed  with  faot*  According  to  his  theory,  the  suporlattlee  of 
AuOu^  alloy  under  any  low  tcsi^erature  does  not  correspond  with  stable 
eq.tjdllbrium*  Applying  expanded  ohomlcal  metlwd  must  also  take  a  group 
of  proper  lattice-point  to  calculate  the  nunher  of  various  neigjbborlng 
pairs  and  then  the  conclusion^ 5^  of  existence  of  superlattice  oan  be 
drawn*  EtVen  ‘^asn,  thew  is  still  a  great  distance  between  the  results 
of  Bragg-Wllllam  method  and  chemical  method  as  far  as  the  <iuantity  is 
concerned^  such  as  the  suddm  change  in  the  dropping  of  critical 
temperature. 

AS  to  the  application  of  Kirkwood  method  for  solving  questions  of 
face-centered  lattice.  His  and  Shockley  had  discussed  it  in  a  thesis. 
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They  oalcul&tad  Thieles  stel-iiwariBbleXi  [aIso  the  coefficient  of 

(kT)**^  in  the  aeries  for  the  expansion  of  P  in 

ter4  to  notice  that  if  ne^ecting  0{kT)“5  in  the  series  for  the 

expansion  of  P  in  (kT)”^,  th«a  the  phenomenon  of  superlattice  is 

nonexistanee. 

1) 

m  this  article  we  apply  this  method  to  calculate  hi^  power  tesm 
of  expansion  of  free  energy^  and  calculate  coefficient^^^  of  (kT)  ^ 
pnd  (kT)“^»  There  are  tno  reasons*  Piratlyj  Kirkwood  method  is  strict 
and  it  la  worthwhile  to  applying  it  for  calculating  the  free  energy. 
Secondly,  the  structural  feature  of  face-centered  is  that 
nel^bcrs  of  any  lattice-point  can  bo  mutually  neighboring  to  each 
other  (Biis  point  riot  appeaj?  in  AB  typo  lattice).  The  Interactic^' 
between  nailers  does  not  appear  inAiandAjbut  appear  in  A3  • 
for  the  apprehension  of  feature  of  face-centered  lattice,  wo  oust 
calculate  Aj. 

'She  result  of  calculation  is  this.  When  we  ne^ect  A4*Xgt  •••• 
(neglecting  o((kT)'^Jli  we  could  only  notice  the  sudden  ohaage  in  the 
Specific  heat  but  not  the  latent  heat  in  the  theoretical  result,  just 
like  the  case  of  AB  type.  And  when  we  neglect  . {neg¬ 

lecting  0^(kT)*^)Jl  we  coidd  xwt  mtioe  any  sudden  change  in  theoretical 

result. 

Thie  does  not  mean  that  Kirkwood  method  is  doubtful*  It  only 
indicates  the  slow  oonrergenoe  for  the  expansion  of  P  in  (kT)"^  at 
the  neig>:d)orhood  of  our  studying  toa^eratur©  T.  Obviously,  the  dist- 

ributifn  function  of  solid  solution  is  the  polynomial  of  (see 

lyi^fesaor  wang  Chu-Chi  indicated  that  ha  worked  on  thia  in  19^3  but 
the  reault  was  not  publiabad 


follovlog  pazftgraph  for  abovo  texiao) 

It  18  also  the  polynosslal  of 

•^eexp{- 

Shereforey  the  expansioa  of  free  eztergy  la  '17  i*  possible*  And  this 
expansion  seems  more  reasonsbl*  than  the  expansion  of  F  in  (k^)**^*  Xn 
this  expansion,  if  we  newest  0(ll^)  or  0(17^),  we  oould  not  notice  any 
sudden  obange.  But  if  we  neglect  0(yj^}  or  ocrph  we  could  obtain  latent 
heat.  This  result  is  obviously  aore  reliable  than  the  result  from  the 
discussion  of  expansion  of  F  in  (kT)**^*  (see  paragraph  III  for  details) 

II  OOUBSE  OF  CAIiOOUTIOF 

Ihe  calculation  here  is  identical  to  oaleulatlon  in  item  in 

>nnly 

the  billography.  We  want  to  indicate  her^^ie  difference  ih  calculation 

between. .ours  and  those  of  that  paper* 

A  faoe->oeQtered  cubic  lattice  can  be  considered  as  a  czoss-ldoked 

strtKiture  of  four  simple  oublo  lattice*  Ihe  points  of  lattice  of  these 

f0UT  Simple  cubic  lattice:-  can  be  represented  by  d  »  6/  ,  62*  and  ^3  * 

Wh®a  we  letci  point  occupying  the  top  of  a  typical  cube,  b  and  so  forth 

unit 

will  then  occupy  the  centers  of  six  faces  of  the  cube,  the  three 

c© 

b(  p  hzt  by  are  identical  as  far  as  their  positions  in  the 
crystal  is  omeemed.  In  the  following  calculation  we  will  use  b  to 
represent  their  points  and  not  to  separate  b| ,  b^t  and  bj»  This  slia- 
plifies  calottlation* 

Let  A  and  B  as  two  kinds  of  atoms  of  Solid  solution.  Introducing 
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A.4M  and^W*  the  definitions  are: 

=S  I  when  <3t  has  one  A  atewa, 

ST  0  when  a  has  one  B  atoa; 

s=  I  when  b  has  one  A  atom, 

js  0  when  fc  has  one  B  atom; 

A*^  *f  ct  and  are  nearest  neighbors, 

^0  when  oL  and  b  are  not  nearest  nei^ibors  [ 

when  b  ani  b'  are  nearest  nei^bors, 
scO  when  b  an*  are  not  nearest  nei^i)ora( 
where  b  and  b'  represent  different  b  lattice-point.  Let  4k  represents 
ntaaber  of  points  of  entire  crystal,  NS  as  the  number  of  A  atom  in  a 

unit. lattice  jug*  as  the  number  of  A  atom  in  P  lattice 


have 

(2) 

bei  “^AA*  interaotion  energies  of  neighboring  AA, 

BB  and  AB  pairs  respectively,  'Uien  the  potential  energy  of  the  crystal 
obviously  is 

Constant  *  ^5) 

f s=5  4  ^  +  Kjra 2J^ab. 

whore  the  term  in  the  bracket  is  nei^oring  number  of  AA  pair  which 
can  b®  represented  by  X.  Thus,  the  distribxition  function  of  solid 
solution  of  face-centered  lattice  can  be  written  as  (^neglecting  the 
cojistant  in  C5)J| 

1)  (5)  be  proved  as  follows:  potential  energy  as 

U«j|>»’.l.4+  (t  -fa)  (I  -  f*) »'««+  (1  --fa)fn^’.is+{tt(l  -  f,)  V.4b1  + 

A  +  (t -  ffc')  *’«8+ <^  -  ?l>)?l>-’''AB+f*(t  -  W  f'isl . 

By  applying  (2)  and  following  (12)  &  (15),  shove  equation  can  be  reduced 
to  expression  (5)  5 


where  (3t  reptesoat@  -V/kT|  /  (%,  H6  ,  5H0'  ,  X)  represents  distribu¬ 
tion  nua&er  for  distribution  of  Nl9,  JHi?  nuaibor  of  A  atoms  in  a 

face-centered  lattice  solid  solution 
of  4n  total  points  of  lattice.  In  distribution,  Hfin-uaber  of  A  etoss 
are  placed  on  a  tmit  cell,  of  A  atoB^  are  placed  on  b  unit  cell, 

and  at  the  saoae  time  let  the  adjacent  nuEatoer  of  AA  pair  as  X.  Accord¬ 
ing  to  methods  in  ( ij  and  £8}  ,  the  above  equation  can  be  change  to 

9',  3')  =  (2/)(l+aAf,+^a=A/,+  ...),  (6) 

where  represents  the  average  of  X^  under  various  distribution.  See 
it@a(8j  in  bibliography  for  meaning.  Since 

il/)  “  (}^^)  (3^^;).  (7) 

ai'ter  M  is  obtained,  logflcan  be  expressed  as 

tliersfore  free  energy  can  be  expressed  as 

see  f  S^for  relsitionshlp  of  A  M. 

Just  as  indicated  in  thesis  (_8j  ,  the  main  problem  is  to  obtain  , 
the  Mji  here  is 

where  {  ^  represents  average,  with  reference  to]^  l]  and  £8^.  For 
obtaining  the  above,  the  term  in  the  bracket  is  expanded.  Uierefore 
the  terms  we  wish  to  obtain  are  terms  of 
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and  the  like.  In  these  kind  of  expressions,  ,  d! ,  .....  are  not  eqml, 
and  h  ,  b''  ,  ...  .are  also  not  equal  to  each  other.  And  any  lower  mark 
t  of  ,  •••  b  i  b'  I  •••  appear  more  than  once  (seeCs)  )« 

Since  positions  at  a.  ,  a!  t  •••»  b  »  b  » 

have  no  relationship*  (9)  becaaes^^^."-^,^^^^' times 

utilize  method  tised  in  (^8^  ,  we  can  obtain 

<f.e.v  »  -  1}/N (A'  - 1 ; ,  •  , 

-  SXO'iHNO'  -  iv^tv  (3;V  - 1  > ,  •  •  • . 


as  to  the  calculation  of  expression  similar  to  expression  (10),  we 


start  from 


=  g  2.  jj 


(where  Z  represents  total  nei^boring  ntmiier  of  a  lattice  point  which 
equals  12).  We  can  obtain 


'^h,.”=2N2,  I 

I  .  * 

/  I  N  ( 
vV-.-.  =  A  =  (.Jc-l),l 

ecid  so  forth.  The  method  used  is  the  same  as  the  method  in  thesis  (s}. 
Ihex'efore  we  are  not  going  to  show  the  details.  We  put  various  kind  of 
expression  (10)  containing  twc  or  three  in  the  appendix  as 
reference  material  for  our  readers. 

The  results  ares 
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Xs = Nz  e$>  (1  -  e)  (1  -  e^)  (i  -  20)  (i  -  w)  +  Nz  o-^  (.1.  -  ^/')  *  ( ^-m-+ 


u “ Nz00'(\-0)  a~0')  (X-QO-^^'h  (l-6<>'+6<?'»)  + 

+  «A- ( J^..- 22)&'ni  -  1 -'A' > 

^fiJiYO-n -try-^  1  -^’)  (X-‘2.o’}  + 

+‘i('>n  -<')  n -w)  +o(\-o)  n  -2^';  l 


(14) 


vhere  X  represents  coimiion  value  of 

*^1,  represent  separately 

A'  ^  2  ^ 

JV~'*2  • 


(15-1) 

(15.2) 


(16) 


to  prove  (15.1)  equal,  to  (15*2)»  let  Z^j,  ae  common  neigJ*oring  number 
of  a  pair  of  neareat  nei^borsct-  and  b  •  Obviously*  it  equals  to  4* 

thus 

2X,*>^vltf  =  §l«^.6-:§>.«n4=4i\rz.  (17) 

meanwhile,  let  Zpi/as  the  common  neighboring  number  of  a  pair  of 
nearest  neighbors  b  and  it  *  which  is  also  4*  thus 
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2  '='  2  + x»>,Xt« )  —  2  Xij'Xj'jXia = 

*“  2  X»»'24ft'— 2  X4jXjt<Xjj>=2i\r2*4— 4iVz=  iNz, 


(18) 


this  coatjurrently  proves  X='48.  As  to  the  Y2*  we  hav^ 

the  following  equations: 

I'. ]*-2  XaA,] , 


t  *^12  ^ 


1  3  —  A  ”*  XafXjf/  —  2  X(,6-X!,6'j  ; 


(19) 


and  we  obtain 

I]^ss72, 

For  the  sake  of  proving  equation  (l4)  we  may  discuss  the  specific 
condition  of  ^s=  Q'  »  at  vfhich 

(21) 


vjhere  c  represents  any  point  on  the  crystal  lattice*  The  calcxilation 
is  totally  the  same  as  the  calculation  of  free  energy  of  AB  type  crystal. 
Tiie  only  difference  is  the  values  of 

^\dl\cd' .  (22) 


and  30  forth.  Tb  the  AB  type, 

2?<e'V..X,^-0,  (25) 

2  ~  2  '!■  2  X!«Xa!,-X(,5.’Xo'(, ,  (24) 

To  the  AB  type  lattice,  if  we  also  let  %  as  the  total  number  of 
lattice  point,  then  the  definition  of  y  in  thesis  (,8]  should  be 

thus,  the  rlghb^ide  of  (24)  becomes  4Ky  .Therefore,  if  we  let  X 
in  equation  (l4)  as  0  and  2X3^  4  4Xj  +  X2  as  4'^  ,  equation  (l4)  should  be 
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AB  "type's  corresponding  result  which  is  the  same  as  the  corresponding 

result  in  tliesis  ( 8].  OC  course,  for  the  sake  of  oomparrison,  vfe 

ju^sr  of 

lauBt  multiply  4  to  the  result  in(  8^  because  the  totaI''T^tlce  point 
here  is  4n  and  the  total  nutisber  of  lattice  point  in  ^8)  is  H.  Based 
on  this  point  and  from  the  result  in  (Sj  we  could  almost  guess  the 
possessive  term  in  eqi^sation  (14)  outside  of  X«  The  term  containing 
Y  is  our  most  important  term. 

Ill  DISCUSSIOH  OH  THE  RES’JLT 
introduce  the  presianption  of  S'*  which  also  mean  tliat 

let  H  as  the  total  ni-miber  of  A  atom  and  introduce  the  values  of  z, 

X,  and  so  forth,  wa  obtain 

Tvirh'-'-Hl)] 

=  +  ^l^  +  (24-«)ln  +41n4-  3lnH4- 

O  #{ 

^  +  jl.6-^  a+('>-2^)j«+ jo.422-  ('2+76'-l.%-  +  0'+W)jrt»+ 

+  |o.246-  (2+2o<?-54//*-6(!#H5«V>*-(Jtf'-J2e^‘)jrtS+ 

+  fo .  20C -  ('236  -f  riOJ)!  W  -  - 1 91 74</’*  +  32N94/>  ‘  + 

+ 19646>"’  - 19672(9*- + 1976(9' + mwr  j  j  +  •  •  • :  ( 25  > 

where  P  represents  free  energy*  Under  different  temperature,  the 
dspsndence  of  (^FC©)  -  P(:^)}AT  to  ^  can  be  illustrated  by  figure. 

In  the  above  equation  when  only«i  term  is  retained,  tiie  curve  tells  us 
that  vje  have  a  sudden  change  of  one  (9  and  latent  heat  shown  in  the 
sudden  change.  When  only«t»  retained,  the  curve  tells  us 
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we  do  not  have  sudden  change.  Til*  coMition  is  the  same  whence  » 

ct'^are  retained,  Tiie  curve  shown  by  retaining  <l  ,  rt*,  tells  us 

Lhat  our  ^  has  a  sudden  change  which  corresponds  to  the  condition 
d  T* 

where  critical  heat  has  sudden  change.  We  do  not  intend  to  plot  these 
curves  here. 

Prom  this  we  can  see  that  the  above  showing  is  because  at  the 
neighborhood  of  our  concerned  temperature,  the  convergence  of  equation 
(25)  is  very  slow.  Therefore  when  retaining  rt.  ,rt^and  also  when 
retaining  cL  ,  a* ,  the  most  important  tern  in  the  free  energy 

expression  becomes  the  term  at  the  end.  And  the  symbol  of  end  term 
has  no  relation  with  the  sysobol  of  Vgg  •  Because  tha 

forffdng  of  superlattice  is  mainly  due  to  +  Tbb  -  ^  “• 

cL*  terms  have  no  relationship  with  the  formation  of  superlattice. 

This  also  means  that  when  retaining  cc  ,  and  whBH  also  when  retain¬ 
ing  »  a?- f  >  (if' *  important  tern  in  the  free  energy  expresslor 

has  no  relation  with  the  forming  of  superlattice.  This  is  why  the 
F— ^  curve  has  the  above  showing. 

lb  avoid  the  above  mentioned  faults,  the  expaiision  of  P  in  (kT)”*^ 
can  be  changed  to  8x1m  expansion  of  F  in 

,r-ex|>{-a'.M  +  F,„-2Fx«)/m-l=expa-l  (2^) 

According  to  the  definition  of  distribution  function,  it  is  polynomial 
of  expet.  It  is  also  the  polynomial  of>?.  Tlierofore,  when  free  energy 
is  expressed  as 

0\  7')| 
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^  should  be  expressed  as  a  series  of  "A  .  This  atleast  is  laore 
reasonable  as  it  is  expressed  as  a  series  of  (kT)~^.  Ihus,  vje  obtain 

\j'(0)  -  \■skr^0h^  »-\-  n  ~h)\n(\  ~b)  +  (l-0)ln  + 

«> 

+  ^->+0)h\  +41n4-31n3+[l.5- 

+  [-«). 3280-  —  ! -2. ",4-2. 

+  [u.K24l  - 

•f  (682+31<W-4544^y=+Ifi<)6«V>'’-19664^^-390S^’4- 

+15784<r’'-l»766'*-3f^/;  (27j 

due  to  the  presumption  of  +  Vgg  -  ^AB  ^  ^  change  of'yis 

\fithin  (Oj  -1).  Therefore  the  convergence  of  the  above  expansion  is 

comparatively  good.  When  we  only  retain >7  and  neglect  0(77^),  F-$ 

hand 

curve  tells  us  tliat  we  do  have  any  sudden  change.  The  right'^de 

hand 

of  (27)  at  this  instance  has  the  same  pattern  as  the  ri^rfc^ide  of 
(25)  retaining  (kT)“^  term  only.  But  zone  of  change  of  >7  here  is 
from  “1  to  zero  and  the  change  of a  in  (25)  is  from  (-o«)  to  zero. 


when 

Bierefore  even  tixe  patterns  are  the  same, 


"no  sudden  change"  is 


still  possible.  When  we  retain  77  »  77**  but  neglect  0(>7^)  in  the 
right  side  of  (27)»  S  still  has  no  sudden  change.  V/hen  vre  retain 
'9  »  >7^»  77*  neglect  0(x7'*^)  in  (27),  we  notice  the  sudden  ch;nge 
of  <9  ,  The  critical  case  is  as  follows s 

~0.»H4,  ^^,=4.13,  f/,  =  0.S5.  (28) 

when  we  retain  77  »  77^ »  ?7*»  but  neglect  in  (27),  we  still 

h&  ve  tiie  sudden  cliange  in  • 
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ths  F-£?  curves  of  these  two  cases  are  nearly  identical.  Hisrefors,  wo 
believe  iluit  they  are  <iuite  near  the  real  f-B  curve  which  also  means 
tliat  it  is  not  neglecting  right'^sido  (2?)  of  any’’?  exponent, 

5 

For  comparison,  we  list  the  result  vk  advanced  by  lang  Chen-ning  x 

^=2,432,  ^^=^0.9550.  (50) 

for  reference,  we  also  sliovr  the  F curve  obtained  from  retaining 
of  Tj  ^  ^  7)^  f  yj^f  in  (27 ) • 

3 

Here  wo  shell  point  out  tliat  prior  to  tlio  introduotion  of  7?  term# 
the  sudden  clv'-m^o  will  not  appear.  And  7}^  term  basically  is  ini'luenced 
by  the  action  of  three  adjacent  atoms  contained  therein.  In  other  word^ 
in  our  theoritical  eauation  (27)i  ^^hen  we  consider  the  sudden  change, 
we  must  consider  the  interaction  .  neigjibors#  In  earlier  theories  this 
point  was  not  significant. 


(Cont*d  on  following  p^^ge) 


HhQ  relationsliip  of  )  /NkT  and  9 

(1)7|  =  .0.9  (2)^=  -0.94  (5)^  =  %=^  -0.?54 

-0.98  (5)  >]  =  -1 

APPEiroiX 

VJe  list  here  equations  similar  to  (10)  with  reSpfeotive  values  of 
containing  two  and  three  7\  for  reference. 


2  (z  1)  1 

2 Kr>K^*^  Nz  (Nz-j  2  + 1 ) , 

2  ^wib^'-t'^*  2N":?  — ^  JVj;*  ^ 

2  ^W^^h'^b*  ^  2Ar 2  Z  1  ^  ^ 

2  hv^h^i-  -  4iVV  +  4Nz , 

2  -ATz  (z  1)  (z  2)  ^ 


2  ^^(2"“  J  jj  s+2^, 

2:>^»WW=.V=*s*+.V*z»(3--4s)+  N^+4(z-myz, 

2  -  iVz(^  z  - 1)(  ^  s  -  2), 

X  ^ik^Tj'o'^si**’  “  A  z^  z  —  -g-  z + 2^ , 


]J|^  ^  ^  ♦ 

X ^•'in^-if^'*'-* ” A zfz~  1 ) •  z  AI  y 

X  4  Arz»(z- 1)  rsA  -4)  +2Arr, 

o 


X/-.>.>»x>»-/=-|Ar{.|^z-l), 

X  ^'■it/'-i’h^’tiV  3  ^ "3  “  ~  ~  2) , 
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^  -Vr*— iVF, 

2  **  g  jV2*(iVz- A t(^+Kt^ 

2Atf>XavA5*fc**=  ^  X:^(^yz-  ^  i:+l)(3i\r-4)+A.J^r2«-«2irF, 

2  —  2N 2  -*  1^  (iV— 1) , 

2  fc-  A  JVz  —  A  ;j  -}- 1^  ^ 

2  ^&*A66'Xj.,*bw  —  4^^ r^  JV^  ^(-‘Vz— ^2  +  1^ , 

2  —  2^ 2^  ^  s  —  ^  > 

2  ^'•6b'^'-6fr'»^fc*i»'^  ~  J  , 

2  ^'*66'^bb*^i.*b-' ~  2 A^z^-A  2  —  1^ 

2  ^bt>'?'-b»b'"Xb*b*  =  4iV2^~2  — l^(iVr— 22+2)  +2iVF, 

2XM-Xi.tJ4.,..=  (4iyP3»-  ?|-i<rs»+4J\r3)|.c(3.V-4)  - 

-16ys(|  2-l)(/V2-2r+2'>  -S.vr. 


jse  it  is  too  long,  vie  do  not  list  here 


expressio 


U) 


containing 


4  A. 
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